We fit the weak lensing map of the bullet merging galaxy cluster 1E 0657-56 in a class of gravity theories interpolating between GR and MOND (General Relativity and Modified Newtonian Dynamics), so to constrain the nature and amount of dark matter with less dependence on the validity of GR on cluster scales. In agreement with Clowe et al. (2006) we show that a dominant component of non-baryonic matter is needed in the bullet cluster -in MOND as well as in GR. However, the amount of missing matter is consistent with the known inability of a purely baryonic MOND to explain dynamics of other X-ray emitting clusters. The remedy is a "marriage" of MOND with the maximum amount of existing 2eV neutrinos, also invoked in MOND fits of the CMB, which proves acceptable in all clusters. Some issues of consistency with earlier analysis of the bullet cluster are also raised.
INTRODUCTION
The bullet interacting cluster 1E 0657-56 has recently been argued to have produced the first completely unambiguous evidence that galaxy clusters are shrouded in a dominant component of collisionless dark matter (Clowe et al. 2006, hereafter C06) . It was argued that any modified gravity theory, such as Modified Newtonian Dynamics (MOND, Milgrom 1983) or more aptly its relativistic counterpart (Bekenstein 2004) , would have no way of reproducing the convergence map of C06 without a dominant component of dark matter (DM) . The explanation for this was that the peaks of the convergence map are offset, without a shadow of a doubt, from the main baryonic components, i.e., the gas marked by the bright X-ray emission (80-90% of total baryonic mass). Instead they fall on the least massive baryonic component of the system i.e. the galaxies (10-20% of total baryonic mass) which is exactly where we expect any collisionless DM to reside.
There are two caveats with this line of reasoning. As first cautioned by Angus, Famaey & Zhao (2006, hereafter AFZ06) , the features in the lensing convergence map in a non-linear gravity theory do not always reflect features in the underlying matter surface density in highly non-spherical geometries. For example, in MOND, the convergence can indeed be non-zero where there is no projected matter (Zhao, Bacon, Taylor & Horne 2006 , Zhao & Qin 2006 . The other caveat is whether neutrinos should be given the status of "known" matter as baryonic gas and stars are, or the status of "unknown" matter as cold DM is. Depending on the exact mass of neutrinos within the current experimental limits (0.07 eV − 2.2 eV), neutrinos have an average density 0.1-3 times that of "known" gas and stars in a galaxy cluster, and hence could be important for their gravitational lensing. As for MOND, the real question is actually to examine whether the bullet cluster poses any new limits to MOND on galaxy cluster scales. It is indeed well-known that MOND does not reproduce the temperature profiles of X-ray emitting clusters purely from their baryonic content. As a fix, a component of massive neutrinos (∼2eV) in the cluster core is usually invoked (Sanders 2003 , Pointecouteau & Silk 2005 . The same massive neutrinos were also invoked to fit the Cosmic Microwave Background with MOND (Skordis et al. 2006) .
Here, we make a first attempt to constrain the nature of DM in the bullet cluster beyond the traditional assumption of General Relativity. To do this, we consider a set of gravity theories which interpolates smoothly between MOND and General Relativity (Sect. 2), and allow for the presence of massive neutrinos in the cluster. We call these models, which we set out to falsify, the µ-gravity Hot Dark Matter models (µHDM).
We conclude that the lensing convergence map of the bullet cluster actually does not yet exclude the µHDM models. MOND can survive if allowed its usual additional component of massive neutrinos. In addition, we show that the lensing convergence in the data of C06 is too low to be consistent with the observed strong lensing, and large amount of gas and DM estimated in Bradac et al. (2006, hereafter B06) .
INTERPOLATING BETWEEN GENERAL RELATIVITY AND MOND
Present-day extensions of GR that have been proposed to account for the MOND paradigm are multi-field theories of gravity (Bekenstein 2004) . In these theories, one needs to know which part of the total potential is due to the scalar field (see e.g. , which adds up to the usual Newtonian potential to create the DM or MOND effect, although there are subtle differences with MOND in non-spherical geometries. In the limiting case of scale-free flattened models, AFZ06 showed that using a Poisson-like equation of the form ∇ · (µ(|∇Φ|/a 0 )∇Φ) = 4πG(ρ bary + ρ DM )
for the total gravitational potential Φ was a reasonable approximation to the multi-field approach.
We thus investigate here a class of MOND-like nonlinear laws of gravity, where the gravitational potential Φ satisfies such a Poisson-like equation. The total dynamical mass (baryons plus DM) of the system enclosed inside a radius r centered on any position will thus be estimated from the divergence theorem
(2) where (cf. AFZ06)
(3) The case α → ∞ (i.e. µ = 1) corresponds to General Relativity, whilst α = 0 corresponds to the Bekenstein's MOND toy-model (Eq.64 of Bekenstein 2004), and α = 1 is the simple MOND µ-function, shown by Famaey & Binney (2005) to have a better fit to the terminal velocity curve of the Milky Way and the rotation curve of NGC3198, and shown by Schuberth et al. (2006) to yield excellent fits to velocity dispersion profiles in elliptical galaxies. We also examine the standard interpolating function µ(x) = x √ 1+x 2 for comparison with other works.
FITTING THE CONVERGENCE MAP OF A MULTI-CENTRED X-RAY CLUSTER
In General Relativity, the convergence map allows us to immediately derive the underlying projected density of matter. However, as shown in AFZ06, the situation is different in MOND, where what you see (in terms of convergence) is not what you get (in terms of density). For that reason, we use a potential-density approach hereafter: we fit the convergence map using a parametric set of potentials, and then use the best-fit potential to derive the corresponding surface density for various choices of the gravity's interpolating function µ.
The bullet cluster is obviously 4-centred, the centres being the positions of the main cluster's galaxies and Xray gas components, and the sub-cluster's galaxies and X-ray gas components. We choose to model those four mass components as four spherical potentials: note however that, in non-linear gravities, the four mass densities corresponding to those four spherical potentials will not linearly add up, especially when the µ-function is rapidly varying with position inside the system.
We write the lens-potential as a superposition of four spherical potentials pinpointed at four centres r i :
These four spherical potentials are a modified version of the ones used in AFZ06. They are fully described by two parameters, the asymptotic circular velocity v i and the scale length p i (where higher p i gives lower concentration of mass). In GR these potentials correspond to cored isothermal density profiles. The potentials of AFZ06 are cusped and were found to have only a moderately good fit to the convergence map. Using Fig. 1b of C06 we set up a coordinate system for the bullet cluster. The main cluster's X-ray gas centre and the sub cluster's two mass components lie, to a first approximation, along the same line. This we choose as our x-axis, with our z-axis along the line of sight. As instructed by C06, we choose the four distributions to be exactly in the x − y plane, and their (X, Y ) coordinates chosen within the four observed peaks. As a consequence, the potential of Eq.(4) has 8 parameters.
The parametric convergence map in the x − y plane is simply computed by linear superposition of the individual contributions to the convergence from the four spherical potentials (see AFZ06), the convergence of those solely depending on their parameters v i and p i : 4 .
We then reproduce the observed convergence map by χ 2 fitting the asymptotic velocities v i of each of the spherical potentials, their concentration parameter p i and we also tried small movements of the 2-coordinate centres.
We read off the contour locations in our coordinate system from Fig. 1b of C06, using 233 points from the κ = 0.16, 0.23, 0.3, 0.37 contours always with a constant number of points per contour length. With these points and our estimate at each of these points from our model, we computed a χ 2 fit from
where n = 233 is the number of points read from the map, κ obs,i and κ model,i are the values of κ at the i th point for the observed map and the model respectively.
For the typical error we choose 0.07 which is the difference between two neighbouring contours. Due care was taken to maximize the resemblance to the X-ray gas features with the centres as marked in Fig. 1 . Another constraint was trying to ensure a reasonable mass of X-ray gas to conform with the estimates of C06 and B06; this is discussed in Sect. 5. The best-fit parameters (listed in Table 1 ) yield the convergence map shown in Fig.1 upper panel, with a reduced χ 2 ∼ 0.1, which is acceptable. A slightly better fit could be produced by moving centers of the four spheres and using ellipsoidal potentials as opposed to spherical ones here. To be conservative, we avoid extrapolating our predictions to scales much smaller than 100 kpc, where the weak lensing data is limited by smoothing.
MASSES OF GAS AND NON-BARYONIC MATTER IN VARIOUS POSTULATED GRAVITIES
Applying Eq.
(2) to our potential model we can predict the matter density in the system. Integrating over line of sight, we note that the projected density contours are slightly different from that of convergence contours in non-linear gravities (cf. dashed blue contour of Fig.1) . While confirming AFZ06, this non-linear effect appears much milder than expected earlier.
In B06 the mass centred on both galaxy clusters is given within circular apertures of 250 kpc. Therefore, we also calculate our total mass within these apertures 4 Erratum of AFZ06: correcting a typo, their Eq.25 should read
where the bending angle θ is given by Eq.23 of AFZ06 for three gravities (GR, simple µ and standard µ) and display them in Table 2 . Clearly, these amounts of mass are not compatible with a "purely baryon" assumption, even in MOND. The gas mass ripped from both clusters is given in B06 for a circular aperture of 80 kpc located around the subcluster X-ray center and an ellipse with semi-major and semi-minor axes of 250 kpc and 150 kpc around the main cluster X-ray center. Since our potentials are spherical we use a circle instead of an ellipse with the same area. The gas masses within apertures of 100kpc are given in C06 and these are consistent with the values given in B06.
In order to match the gas mass, which is less well constrained by the convergence map because of its minor contribution to the lensing, we take the calculated surface density and use the asymmetry of the system to erase all the DM in the system. The key here is to notice the symmetry in the DM around the line joining the centres of the two galaxy clusters, shown in Fig. 1 upper panel. If we flip the matter from below this axis of symmetry to erase the matter above the axis of symmetry we should be left with the gas. Then we perform a straight forward numerical integration over the areas defined above. To demonstrate how well this technique works, we show in Fig.1 lower panel the surface density of gas left after the removal of the DM. The values for the gas mass for our three gravities are given in Table 2 . Note this technique works less well for the sub-cluster as it lies quite close to the axis of symmetry and thus much gas is cancelled out by other gas.
Exotic Species of Dark Matter or Massive
Neutrinos? As a probe of the nature of the DM in this system, we compute the volume density of matter as function of positions; this is shown in Fig.1 upper panel 
In comparison the cosmic average neutrino density ρ ν satisfies
3 × 2 eV (7) Adopting a mean temperature of 9 keV in the two clusters, Fig.1 upper panel suggests that the phase space density in the bullet cluster is consistent with 2 eV neutrino being the DM. It is possible that the dark particle is cooler and more massive than 2 eV neutrinos, however, the smoothing scale in weak lensing data generally have no constraint on much denser regions of DM.
DISCUSSION
Interestingly, our proposition of 2 eV neutrinos in the bullet cluster based on lensing data is broadly consistent with previous findings of Sanders (2003) and Pointecouteau & Silk (2005) based on gas equilibrium of other clusters (the latter finding m ν > 1.6 eV using standard µ).
Our DM to baryon ratios within 180kpc for the main cluster are ∼ 2.4 for GR, standard µ and simple µ. The fact that using MOND doesn't aid the cause of reducing the ratio is unsurprising as we can see from Fig. 5 of Sanders (2003) that GR and MOND have the same ratio at our radii of 180kpc.
The bullet cluster thus poses nothing new to the MOND paradigm, noticing that the current best attempt to explain WMAP data with relativistic MOND also invokes 2 eV neutrinos (Skordis et al. 2006) .
We thus conclude that the present-day most promising contender of the concordance ΛCDM cosmological model, with appropriate cosmological constant Λ and cold DM content, is the µHDM cosmological model, with appropriate choice of interpolating function µ and hot DM content. This cosmological model might even explain late-time acceleration (e.g; Diaz-Rivera et al. 2006) , and we showed here that this model is not excluded by the bullet cluster lensing map. It is however obvious that more work should be done in the field to check if the µHDM model can fit all galaxy clusters with the same neutrino mass and the same µfunction. Moreover, given that the survival range of neutrino mass is very narrow, our proposition is falsifiable in the near future. At present it is not inconsistent with mode-independent experimental limits on neutrino mass m ν,e < 2.2 eV from the Mainz/Troitsk experiments of counting the highest energy β-decay electrons of H 3 → He 3 + e − + ν e + 18.57 keV (the more massive the neutrinos, the lower the cutoff energy of electrons). The KATRIN experiment will be able to falsify 2eV neutrinos at the 3σ level within months of taking data in 2009, and will push neutrino masses to 0.3eV at the end of its 5 year experiment (Peter Doe's presentation at Neutrino 2006) .
Note finally that, for our best fit model, we found a couple of discontinuities with the work of C06 and B06. First of all, our adopted lensing map of C06 (with a maximum κ merely 0.37 at the peaks) implies too weak a surface density to split images for sources at any redshift (the lensing effective distance changes from about 410 Mpc to 640 Mpc between source redshift of 1 to infinity). This is inconsistent with the observed large scale strong lensing arcs in any gravity theories. Secondly, the DM required to fit the lensing map produced by B06 is shown in Table 2 to be 3 times less in GR for our potentials (whereas MOND models require between 4-5 times less DM depending on the choice of µ-function). Additionally, the value of the gas masses given in B06 and C06, which we attempt to adhere to, clearly skews our κ map ( Fig. 1 upper panel) by 1σ, and is apparently not seen in C06's map; this might be due to the smoothing scale. So there remain some issues to be understood about the values of the enclosed masses calculated by C06 and B06 as well as the normalization or zero point of the κ maps needed for internal consistency between the strong and weak lensing data. Nonetheless, the data still argue favorably for non-baryonic matter of hot or cold nature to exist independent of one's prefered gravity theory. A traditional misconception is that the proof of existence of large quantity of non-baryonic matter would make MOND contrived or redundant. This is not the case with massive neutrinos at the galaxy cluster scale, which is a non-exotic "known" hot non-baryonic matter, which would neither perturb the apparently good MON-Dian fits to the majority of galaxy rotation curves nor explain galaxy rotation curves in GR.
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